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The theorem of Blackburn referred to in the title is the fo~~~w~~~ [l? 21: 
We generalize this theorem in two, related directions. First we consider a 
finitely generated nilpotent group Q operating nllpotently on a finitely generated 
nilpotent group N and prove that two elements of N arc in the same Q-orbit 
if and only if their images in every finite quotient Q-group of N are in the same 
Q-orbit; this is the equivalence (A) 0 (C) of Theorem 3.1. Our method of proof 
is to proceed via the concept of the action of the profinite completion, Q, of Q 
on the profinite completion, fl, of N, induced by the given action of 
N---a concept we introduce in Section 2. Since N is residually finite, the corn- 
pletion map c: lV-+ fi embeds N in I?, and we show that the induced map of 
orbit sets iV / Q + +@ 1 Q is also inject&e; this is the eqnivalenee (-A.) e(B) of 
Theorem 3.1. We remark that the equ~v~ence (B) - (C) is fairly routine in the 
original setting of Blackburn’s theorem ,l but presents a somewhat more complex 
aspect in our generalization. 
Our second generalization is of a homotopy-theoretic nature. We consider a 
nilpotent space X of finite type and its profinite completion c: X -+ X. We then 
prove that if Wis a bomo~og~cal~y finite C~-complex, then the induced rna~~~~~ 
bomotopy sets c*: (W, X) ---f (IT, 8) is injective. It was, of course, 
known [3, 41 that the induced mapping of hns& homotopy sets is 
1 Thus, we may regard Blackburn’s theorem as asserting that two elements a, b of G 
are conjugate in G if and only if they are conjugate in i;. 
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injcctive if W is connected. If we take W = 9, .Y .- K(G, I), with G finitely 
generated nilpotcnt, then the latter result on based homotopy generalizes the 
fact that c: G -+ G is injectivc, while the former result essentially gcncralizes 
Blackburn’s theorem. The fact that c.+ : ( W, X) ---, ( W, xz) is inject& was stated 
without proof as Theorem 7.2 of [5] in an appendix to that paper indicating how 
to pass from localization thcorcms in free homotopy to completion thcorcms. 
Recausc of this point of view, Theorem 7.2 of [5] employed the language and 
notation of p-profinite completion, for an arbitrar?V prime p. Of course in the 
context of our results WC have G =:- n 6c1,) , x n 8cP) , where cc,,, , xc;,) 
arc the p-proi’initc completions of G, X, respectively. 
The methods of proof of our purely algebraic results arc thcmsclves algebraic. 
l’hat is, wc do not use homotopy theory to obtain our results on finitely generated 
nilpotent groups; rather we go the other way, and use some of the ideas of the 
proof of our first generalization of Blackburn’s theorem to prove our second, 
homotopy-theoretic, generalization, even though we do not here claim to hat-e a 
homotopy-theoretic analog of our first generalization except when I\- is com- 
mutative.8 In describing our methods of proof as algebraic, however, WC by no 
means exclude the invocation of the topology of G as a compact Hausdorff 
group; indeed, we always regard (c; as a topological group in the natural WI): and 
exploit the fact that a basis at I in the natural topology of CC? consists of certain 
subgroups of C? of finite index. 
WC arc guided in our approach to the study of completion by previous 
cxpcrience in studying the localization of nilpotent groups and nilpotent actions. 
Indeed, WC prove, systematically, many analogs of known results in localization 
theory (of course, WC restrict ours&es to jinitely generated nilpotent groups in 
order that completion bc exact-otherwise the analogy would immediately 
break down). In particular, we USC the technique in [7] for studying orbit-sets 
for nilpotent actions, but, in contrast to [7], we relate the technique here to 
completion. In view of the automatic nature of the conceptual transition from 
localization to completion -there is, of course, nothing automatic about proving 
the translated assertions!-we have not thought it necessary to repeat those 
details which the two theories have in common. 
After a review in Section 1 of some basic notions relating to profinitc complc- 
tion, WC devote Section 2 to discussing the theorem that completion is exact on 
the category of finitely generated nilpotent groups. This result is due to I3ousGeld 
and Kan [3], who proved a more general thcorem;3 we relate their exactness 
theorem to our result, which is crucial to our approach to Blackburn’s thcorcm, 
that the terms of the lower central series of a finitcly generated nilpotent group 
complete “properly,” that is, 
? Cf. [6], proof of Lemma 1. 
3 Schncebeli has also established a broader category on which completion is exact. 
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In Scction 2 we also obtain the (continuous) action of Q on .T compatible 
with the nilpotent action of Q on N, where Q, AS are finitely generated nilpotent, 
and establish its uniqueness; and we obtain the generalization 
(0.2) 
oi‘ (0.1) ncedcd for our proof of the generalizations of Nackburn’s theorem. 
The last part of this section is concerncd.with our homotopy-theoretic generaliza- 
tion of Blackburn’s theorem. ‘I‘hc key to this generalization is Theorem 2.10. 
In Section 3 WC prove our algebraic generalization of Hlackburn’s theorem, 
basing ourselves on [7]. In a brief final section WC speculate on the possibility of 
extending the generalizations of Blackburn’s theorcrn to a w-i&r class of groups 
sod group-actions. 
1. ~HELIbIIKARII:S 
\Ye begin by recalling that, for an arbitrary group G, the ?rojinite completion 
(> of G is defined to be the inverse limit of the finite quotient groups of G; thus 
where N = [:VJ is the collection of normal subgroups of G of finite index. The 
group G inherits a natural topology as a subset of the Cartesian product r[* G:A:\‘;, 
of discrete spaces and, in fact, becomes a compact, Hausdorff, totally discon- 
nected topological group. \Ve will always regard G as endowed with this topoiogy; 
and WC note that if M = (:Ur,} is a cojinal subcollcction of N, that is, if for each 2 
there exists p such that &Ta G A’=, then 
as topological group. We then deduce the following ciemcntary proposition which 
will bc used in the sequel. 
1k3TWSITIOS I. 1. fj G is a $ni&e[v generated nilpotent group, then (i) (r; i.< 
metrizable and (ii) there exists a descending sequenre M : {-VI;} of normal subgro~~ps 
of G ofjinite index such that 
c; -7 lim G;dZ, . (!,3) 
Proof. Since every subgroup of G is finitely gencratcd, it follows tha: G h&s 
only countably many subgroups. ‘This immediately implies that G is mctrizable. 
Since the intersection of finitely many normal subgroups of finite index is again 
a normal subgroup of finite index, it is obvious that we can select a descending 
sequence iM,1 ivI, 2 ... which is cofinal in N. 
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Returning to the general case, there is, plainly, a natural homomorphism 
c: G--f C? whose image is dense in (s; moreover, since a finitely generated 
nilpotent group is residually finite, the next proposition follows immediately. 
PROPOSITION 1.2. If G is a jinitely generated nilpotent group, then c: G --z G 
embeds G as a dense subgroup of e. 
Kate that the topology which G acquires as a subgroup of e is not the discrete 
topology; it is that topology in which a basis at the unity element consists of all 
the subgroups of G of finite index. 4 As for the topology of C? itself we have the 
following result. 
THEOREM I .3. If G is an arbitrary group, then the topology of e is such that 
a basis at I consists vf certain subgroups of jnite index. 
Proof. It is plain that, in the product topology for na G/Na , a basis at 1 
consists of certain subgroups S of na G/X= of finite index. Thus a basis at 1 for 
the topology of t? consists of the subgroups S n G and these have finite index 
in G. 
It has been stated by Sullivan [8] that if G is finitely generated Abelian, then 
e~euy subgroup of c of finite index is open; we give a proof for the sake of 
completeness. Thus let I-1 be a subgroup of c of finite index. Then if 
exp c?/H = n, we have (using additive notation) nC? C H and certainly n@ is of 
iinite index in G (indeed, GjnC? : = G/nG) and hence in 2X Thus H is a union of 
finitely many translates of the compact space ne and hence H is closed, and so 
open, in C;. 
It may be conjectured that this assertion generalizes to finitely generated 
nilpotent groups. Ry essentially the same reasoning as above, it would be 
sufficient to prove the compactness of cn, the subgroup of c generated by the 
nth powers of elements of c, which could perhaps be established with the aid 
of the commutator calculus. However, for the purposes of this paper, the weaker 
assertion of ‘I’heorcm 1.3 will suffice.5 
We next note that (1 .l) and Proposition 1.2 immediately imply that if G is 
finitely generated nilpotent, then 
nil G = nil c?. (1.4) 
Kow let $: G -F H bc a homomorphism of groups. If Ho is a normal subgroup 
of H of finite index, then @‘HO is a normal subgroup of G of finite index. Thus+ 
4 In fact, G is precisely the “completion” of C in this topology. 
6 Note odded in proof. R. I3. Warfield, Jr., has proved this conjecture, basing himself 
on the notion of the p-adic completion of a nilpotent group. (See “1Kilpotent Groups,” 
Lecture Notes in Mathematics So. 513, Springer, Sew York, 1976, especially Theorem 
7. IO.) 
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induces 4: G ---f I? which is a (continuous) homomorphism such that tbe diagram 
G-LH 
is commutative; moreover, 4 is uniquely determined by (1 S), since CG is 
in G. It is plain that completion is functorial, and that c is a natural transforma- 
tion of functors. Obviously, if 0 stands for the constant home-morpbism~ 
Further, we have 
0 = 0. 
PROPOSITXON 1.4. If +: G -+ H is surjective, so is 6: e -+ 
Proof. Ht follows from (1.5) that c$G is dense in I?, since c$G = EH is dense 
in I?; But $G is also closed in l?, so $G = I?. 
We will not prove further exactness properties of completion here for the 
general case; but we will note in the next section that completion, in the general 
case, is right exact, and restricted to the category of finitely generated nilpotent 
groups, is exact. 
However, we should remark that the conclusions of Propositions 1.1 and 1. 
by no means require that G be finitely generated nilpotent. As pointed out to us 
by N. R. Sclmeebeli, and as was noted some 30 years ago by 111. Hall, for a given 
integer k > 0, a finitely generated group G has only finitely many subgroups of 
index k, so that G then has only countably many normal subgroups of finite 
index. Thus the conclusion of Proposition 1.1 holds for any finitely generated 
group 6. Proposition 1.2 only requires that G be residually finite; this would be 
true if, for example, G were virtually finitely generated nilpotent, that is, if G 
admitted a finitely generated nilpotent normal subgroup of finite index. It seems 
likely that we could extend Theorem 3.1 to this class of groups. 
2. THE EXACTNESS OF COMPLETION 
We now place ourselves in the category of finitely generated nilpotent groups. 
Our first result depends on the exactness of completion in this category 
(Theorem 2.2) and will be generalized in Theorem 2.8 beiow. 
PROPOSITION 2.1. Let G be a jinitely generated nilpotent group. 2%~ 
h?G = SkG! for all k > 0. 
Proof. It suffices to show (i) that PG is dense in I’@ and (ii) and .P@ is 
closed in &. For by (ii), TV? is a compact HausdorfT group and it plainly inherirs 
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from G the property of having a basis at 1 consisting of subgroups of finite 
index. Thus we may apply Lemma 2.6 below to infer that the embedding 
r”G C I% extends to a continuous homomorphism &G -+ rkG which is 
surjectivc by (i). Then ‘Theorem 2.2 implies the conclusion. Since (i) is obvious, 
we concentrate on (ii) and argue by backward induction on K. For, since G is 
nilpotent, (ii) is certainly true for large k. 
Xow to prove (ii) it suffices to show that cvcry sequence of elements of rkG 
which converges in G actually converges to an element of rkG; we assume 
inductively that this is known to be true with k replaced by (K + 1). There is a 
canonical surjection 
G;,t’ ->-> rkG/rk+lG (2.1) 
of the (K $ I)-fold tensor power of G,, onto rkG/rL-:rG. Thus if G is generated 
by {gl , g, >..., g,}, then cvcry element a of r’;G is expressible as 
(I = ClC2 ..’ c&, 1 = rk, (2.2) 
where ci = [gj, , [gj, ,..., [gj, , hi]...]], hj E G, b E Yk+lG. Now let a, E PG, 
n >, 1, and let {a,} converge to a,, E G;; we write, as in (2.2), 
a, = Cd2n ... %Al > 
where c,, = [gj, , [gj, ,..., [gj, , hi,J...]], hj, E G, /J,~ E rkilG. By passing to 
subsequences if necessary, we may suppose that {lzj,} converges to hi, E G 
and that (6,) converges to b, which, by our inductive hypothesis, belongs to 
p+rc;. Thus 
an = w2o ... c&l , 
where cj,, -7 [gjj, , [g,, ,..., [gi, , his]...]]. It f o 11 ows that a,, c I% and the inductive 
- step is complete. 
We now quote the following theorem of Rousficld and Kan [3]. 
THEOREM 2.2. Let H >+ G-M K b e a short exact sequence of jinitely 
generated nilpotent groups. Then I? B--•, e +> l? is a short exact sequence of 
compact topological groups. 
N’e have used Theorem 2.2 to help establish Proposition 2.1. It might be of 
interest to point out that, conversely, the assertion of Proposition 2.1 may be 
used to derive Theorem 2.2. 
To do this, we argue by induction on nil G. If nil G = 1, that is, if G (and hence 
also H, K) is commutative, then the conclusion follows from the structure 
theorem for finitely generated abclian groups, as observed by Sullivan [8]. If 
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nil G = d -+- I we set I’ = PG, r’ z PK, and form the commutative 
diagram of short exact sequences 
r ;- --• G -e-...++ G/r 
rl :. -., I;- -.--.,+ k-/r 
Completing (2.3), we obtain 
(2.31 
(2.4) 
By our inductive hypothesis, the first and third columns of (2.4) are short esact; 
by Proposition 2.1 p + G and f, --L l? are injective. Also there are continuous 
homomorphisms Gz7 --+ G/f (by Lemma 2.6 below; since, by Theorem 1.3, 
G has a basis at 1 consisting of certain subgroups of finite index, so does G/1”) 
and G/p+ G>(by (1.6)) such that the diagram 
(2 
commutes, showing that G-jf = G>. Thus the second (and third) rows of (2.4) 
arc short exact. Virtually the same argument as that just given establishes the 
right exactness of completion in general; in particular, the second column of 
(2.4) is exact at G and the first row of (2.4) is exact at I?. An easy diagram chase 
now shows that I? ---* G is injcctive. 
We remark that since subgroups of nilpotent groups are subnormal, Theorem 
2.2 implies that if Ii is a subgroup of the finitely generated nilpotent group G, 
then I? is a subgroup of G. 
Our next theorem is a consequence of Theorem 2.2. 
481/60/1-20 
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THEOREM 2.3. Let Q be a jinitely generated nilpotent group acting nilpotently 
on the finitely generated nilpotent group IV. Then there is a unique nilpotent 
(continuous) action of & on 8 compatible with the given action in the obvious sense 
that 
c(xa) = (cx)(ca), xEQ, aEN. (2.5) 
Proof. We form the semidirect product G of hi and Q. Then G is finitely 
generated nilpotent and we have a right-split short exact sequence 
We apply Theorem 2.2 to (2.6) obta ining the map of right-split short exact 
sequences 
(2.7) 
1cr :-4&Q 
The bottom row of (2.7) provides us with a continuous nilpotent action of & on 
A, compatible with the given action of Q on N in the sense that (2.5) holds. Thus 
we have set up a function 
A: A(Q, N)-+ A(&, 8) 
from the set A(Q, N) of nilpotent actions of Q on N to the set A(&, fi) of con- 
tinuous nilpotent actions of Q on 8 and the remaining claim of our theorem is 
that h is injective. 
Now an action of Q on A’ induces, as in Section 1, a unique action of Q on fi 
in the sense that 
c(xa) = x(ca), XEQ, aEN, c:N-+fi. (2.8) 
Forming the associated semidirect products we obtain the commutative diagram 
(2.9) 
A 
N>--+H ‘se --Q 
Moreover, all arrows are continuous if WC’ give hi, G, and Q the topologies in 
which a basis at the identity consists of the subgroups of finite index and H the 
product topology N x Q. Conversely, such a diagram (2.9) determines a con- 
tinuous action of Q on I? compatible with the given action of Q on N, and hence 
the unique action of Q on N so compatible. 
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Returning to (2.7) we may use c: Q >--+ & to pull back the bottom row and 
thus obtain tbe commutative diagram 
N--Hz 
I 
Q, cP’cJ = c: 6; b--t=. G. (2.10) 
v V 
c” 
1 J 
e 
,. 
-t--<  ^
N---+G -Q 
It follows from this and the preceding remarks that c: A’ + fi induces 
c,, : A(Q, AT)+ A(Q, .#), that c* is injective and that c: Q -+ & induces 
c*: A(&, I’?) + A(Q, 8) such that c*X = c.+ . Thus h is injective. 
Remarhs. (i) The fact that, if Q acts nilpotentiy on X, the induced action of 
on .& is also nilpotent is easily proved by a direct argument. 
(ii) We may strengthen the relationship c*h = c?, proved above. See 
Corollary 2.7. 
ROPOSITION 2.4. Let H >-+ G --ft K be a short exact sequence of Jiniteiy 
generated nilpotent groups and let R >+ e -++ R be a short exact sequence of 
conzpact Hausdorff groups such that thepe is a commzktative diagram 
(2.11) 
R>---+e--++ - 
Then. 
(i) if v, w are completions, so is u; 
(ii) if u, v are completions, so is w; 
(iii) if u, w aye completions, and if the topology of e is such that a basis at 
1 E G consists of certain subgroups of finite index, thm v is also completion. 
Proof. Since (i) and (ii) are easy to prove, we will be content to demonstrate 
(iii). We require two lemmas. Note that neither lemma requires Theorem 2.2. 
LEMMA 2.5. A compact Hausdorflgroup e is a proj%zite group (i.e., an inverse 
limit of finite groups) if and only if it admits a basis at 1 consisting of certain sub- 
groups of fkite index.6 
6 Cf. L. S. Pontryagin, “Topological Groups, ” Sect. 43, Princeton Univ. Press, Prince- 
ton, N. Jo, 1939. 
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Proof. Certainly a profinite group has the stated topology, so we have only 
to prove the converse. Let {C r,J be a basis at 1 E G consisting of subgroups CT, of 
finite index; plainly we may assume the subgroups Lra to bc normal. The pro- 
jections pa: G-t G/U; induce a continuous homomorphism p: G+ b, G/LrU 
and we readily show that p is a topological isomorphism. First, p is injective 
since G being Hausdorff, on U3 -1: {I}. S econd, p is surjective since, just as in the 
discussion in Section 1, pG is dense in I& G/Lra; but pG is compact and 
&I, G/U, is Hausdorff, so pG is closed in !~IJ, G/Uz. We finally invoke the 
Hausdorff property of b, G/l/, again to infer that p is a homcomorphism. 
LI:MMA 2.6. Let z;: G -* d be a homomorphism from the finitely generated 
nilpotent group G to the compact Hausdorff group (I? topologized in such a way that 
a basis at 1 consists of certain subgroups of jinite index. Then v has a unique extension 
to a (continuaus) homomorphism 4: &’ + c.7 
Proof. We adopt the notation of Lemma 2.5 and write v, forp,z: G + G,J L:, . 
Then if U, C lYO, thcrc is an obvious commutative diagram 
G -% d/ [Ia 
Passing to profinite completions, by functoriality, we get unique extensions 
6,: cf; --P c/u, of z, ) which render commutative the diagram 
The continuous homomorphisms 6, then induce a continuous homomorphism 
6: G --f lim, G!(/: such that 
6c =- pv: G - lim CjUl; 
and this equation determines 4 uniquely since CG is dense in G. Finally we set 
6, = p-Q? and the lemma is proved. 
i More generally, if G, furnished with the topology described prior to Theorem 1.3, is a 
dense subgroup of a compact Hausdorff group G’, then F: G + e extends (uniquely) to 
F: G’ -b G by a uniform continuity argument; cf. J- L. Kelley, “General Topology,” 
Chap. 6, Van Nostrand, Princeton, S. J., 1955. 
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We now revert to the proof of Proposition 2.4(iii), We have 
we use Lemma 2.6 to extend ZI to 9: G ---f G. Thus we have the diagram (using 
Theorem 2.2) 
N>“+GA+K 
with fpc = 71’. Since C$C = qxp = vp = vc, it follows, H-I being dense in 
that C$ = V. Similarly, 779, = $. Thus q~ is a (continuous) isomorphism an 
hence a homeomorphism and Proposition 2.4(iii) is proved. 
COROLLARY 2.7. Consider the commutative diagram 
A(Q, W 
e, 
f J a 
A(&, ai) t A(Q, AT) 
obtained in the proof of Theorem 2.3. Then if c*w = c.+8, itf~2l~w.s that w = X5, 
w E A(&, fl), 0 E A(Q, N). 
Z%oo$ Let w give rise to the right-split short exact sequence fi >--+ Is LC 
and let 19 give rise to the right-split short exact sequence N >+ G ++’ Q. Then 
the equation c*w = c,O implies the commutative diagram 
(2.12) 
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But then Proposition 2.4 tells us that the bottom row of (2.12) arises by com- 
pleting the top row, so that w = X0. 
Remark. In the corresponding localization theory for nilpotent actions on 
nilpotent groups [9; see especially Theorem 3.31, the function corresponding 
to c* is bijective. In order to obtain such a result here we would certainly need 
to extend our completion theory beyond the category of finitely generated 
nilpotent groups. 
Henceforth we regard the actions of Q on N and Q on 8 related by h as 
canonically associated. We now enunciate our promised generalization of 
Proposition 2.1. 
THEOREM 2.8. Let theJinitely generated nilpotent group Q act nilpotently on the 
finitely generated nilpotent group N. Then (see [9]) 
TTN = l-sk@. (2.13) 
Proof. Let G be the semidirect product of of N and Q; then (see Theorem 2.3) 
G is the semidirect product of N and Q. Moreover I’okN = rJcN, YdkN = 
rekN. Thus we may assume in proving (2.13), that N 4 Q, N d Q. Further, it 
was shown in [9] that rokN is then characterized by 
&ON = N, r?N = [Q, rQkN], k > 0; 
similarly for I’gkN. We may thus generalize the argument of Proposition 2.1 and 
need not enter into details. It should suffice simply to mention that (2.1) is 
replaced by its generalization, the canonical surjection 
(2.14) 
From this theorem we infer immediately the following generalization of (1.4). 
COROLLARY 2.9. Under the hypotheses of Theorem 2.3, 
nil, N = nila N. 
Proof. We have the inequalities 
nil0 N < nil, N < nil, N < nil0 N. (2.15) 
Here the first inequality follows from Theorem 2.8; the second from the 
embedding c: N >+ N; and the third from the embedding c: Q >-+ Q. Thus 
all inequalities in (2.15) are, in fact, equalities. 
We close this section by presenting an immediate and important topological 
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consequence of the results of this section, which enables us to establish our 
homotopical generalization of Btackburn’s theorem, as enunciated in the 
Introduction. 
Given a nilpotent space X we may form the canon&~1 re$nement of its Postnikov 
tower (see the proof of Theorem 11.2.9 of [IO]). Thus if the Postnikov tower of 
x is ‘.I -+ x, -9, x,-, + ... with the fiber of p, being .K.(?r, , n), where 
V, = n,X, then we obtain the canonical refinement by factoring p, as the 
composite 
x,=Y,-f...-fYi+,~Y,~...~Y~‘,=x,_,, (2.16) 
where nil,, rTT, = d, qi is a principal fibration with fiber M(Gi , n), with Gi = 
r$-&+%n ) v = nix. (With n = 1 we interpret r,%rr as P%r). 
THEOREM 2.10. Let X be a nilpotent space of jinite type. Then the canokal 
re&ement of its Postnikov tower commutes with completion. 
Proof. We are asserting that if we complete (2..16), getting precisely 
;P,=l+...+-Pi+l%&. .*a -+ I$ = 2&-, ) (2.17) 
then (2.17) is the canonical refinement of p,: -& -k X,-i; that is, 6, = V,(X), 
6 = 7rl(S), nil, +?n = d, and gi is a principal fibration with fiber K(Gf I pz), 
where Gf = r$+nlr~i+‘fi~ . 
Now i3, = n%X, 73 = v&%?, by [4, Theorem 3.11 and r&ii, = d by 
Corollary 2.9. Since we may regard Y,,+r --+Q* Yi +- K(Gi , n f 1) as a fibration, 
it follows from the exactness of completion on finitely generated nilpotent 
groups (equivalently, from the fact that completion commutes with fibrations 
of nilpotent spaces of finite type) that 
is a fibration. But, by Theorem 2.8 (and Theorem 2.2), Gi = &%?&-$+%, = 
so that the theorem is proved. 
By this theorem we have entirely justified the claims made in the appendix to 
[S]; that is, the proofs of Theorems 7.1, 7.2, and 7.3 of that paper now consist 
of formal translations of the proofs given, in [5], of the corresponding statements 
in localization theory. Note that Theorem 7.2 of [5], asserting that if X is nilpotent 
of finite type and W homologically finite, then the map of free homotopy sets 
(W, X) -+ (IV, 8) induced by the completion c: X+ 2, is injective, is itself a 
homotopy-theoretic generalization of Blackburn’s theorem, since, as remarked in 
the Introduction, we essentially recover Blackburn’s theorem by taking W = B, 
X = K(G, 1), for G finitely generated nilpotent. 
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3. THE GENERALIZED BLACKBURN THEOREM 
We again assume that Q is a finitely generated nilpotent group acting nil- 
potently on the finitely generated nilpotent group N. There is then an associated 
nilpotent action of Q on iV. Let a, b be elements of N. We prove: 
THEOREM 3.1. The following stateme& are equivalent: 
(A) a, b E N are ia &lze same Q-op’bit; 
(B) a, b E N are in the same Q-orbit; 
(C) for every normal Q-subgroup N, of N of finite index, the images a, , b, of 
a, b in N/N, are in the same Q-orbit. 
Before proving this theorem, we observe that the equivalence of (A} and (C) 
does indeed generalize Blackburn’s theorem. For if Q = N, acting on itself by 
conjugation, then a, b E Q are in the same Q-orbit if and only if they are con- 
jugate; every normal subgroup of Q is a Q-subgroup; and a, , b, c Q/Qu are in the 
same Q-orbit if and only if they are conjugate. 
Proof of Theorem 3.1. Plainly (A) * (B). To prove that(B) * (A) we proceed 
exactly as in the proof of Theorem 3.1 of 173. Thus if nil, N = d + 1, we set 
I+ = rodN, f = I”d”fi, and we have a map of central extensions 
compatible with c: Q >-+ Q; this is guaranteed by Theorem 2.8 and Proposition 
2.4(ii). Here Q acts trivially on r and s acts trivially on f = I’d”.@. Then, for 
each a E N, (3.1) gives rise to the map of exact sequences 
Q(a) >-----+ Q&a> - f---+NjQ- MIQ 
where Q(a) is the subgroup of Q consisting of elements x E Q leaving a fixed, 
xa = a; N 1 Q is the orbit set for N under the Q-action; the other notations of 
(3.2) are self-evident; and the morphisms of (3.2) are described in [7]. We refer 
to [7] for the details of the argument, by induction on d, which enables us to 
deduce, first, that Q(a) >+ Q(ca) and Q(Ka) ++&(&a) are completion maps 
(we require Theorem 2.2) and then, second, that N / Q -+ & j Q is injective. 
Of course, this latter assertion is precisely equivalent to our claim that (B) z- (A). 
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The implication (A) =z== (C) is evident, so that it only remains to prove that 
(C) =P (B). To achieve this we need certain auxiliary results which ‘Lye nunciate 
explicitly as they seem to have some independent interest. 
PROPQSITION 3.2. Let N be a jinitely generated nilpotent group, let act 0% 
N, and let M be a subgroup of N of$inite index. Then (Jcceu xM is also of~~~te &dex 
in N. 
Proof. Since N is finitely generated nilpotent, it follows that a subgroup N of 
N is of finite index if and only if there exists a positive integer k such that 
a” E H for all a E N. Thus there exists k such that a” E M for all a E N. If x E Q, 
then x-laL = (x%)” EM for all a EN, so that uk E x&& ak E flacQ xM for all 
a E N, and hence nS xM is of finite index in N. 
Since n@ xM is normal in N if M is normal in N, we immediately infer from 
Propositions 1.1 and 3.2. 
COROLLARY 3.3. Let N be a $nitely generated nilpotent group and let Q act oa 
N. Then there exists a descending sequence N* = (NJ of normal 
of finite index such that 
8 = +n N/N, . 
Now let Q be a finitely generated nilpotent group and let {Pi) be the (countable) 
collection of its normal subgroups of finite index. Taking the sequence 
of Corollary 3.3, let Iii be maximal in Q with the property of acting trivially on 
N/N, . Then Ri is normal in Q and Q/Ri acts faithfully on N/Ni . It follows that 
Q/Ri is finite so that Ri is of finite index in Q. Now set Qi = PI n Pz n I.. ~7 
pi n R, . Then Qi is a normal subgroup of Q of finite index, Q/Qi acts on N/N, ) 
and { Qi> is a cofinal descending sequence in {I’,), so that 
We have thus proved 
PROPOSITION 3.4. If Q is a $nitely generated Izilpotent group acting on tize 
finitely generated nilpotent group N, then we may fired a descending sequence (N& of 
normal Q-subgroups of N of finite index and a descending sequence (Q{> of normal 
subgroups of Q of $nite index, such that Qi acts trivially on N/-N6 and 
We now return to the proof of Theorem 3.1, that is, of the implication 
(C) * (5). We adopt the data and notation of Proposition 3.4. Then hypothesis 
(C) clearly implies that, for each i, there are elements & E Q/Qi such that tiap = bi ) 
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where ai , bi are the images of a, b in .V/Xi . It remains to show that we may 
choose the elements ei such that ti ,.r ‘-> ti under Q/Qi,.r -H Q/Qi . For then the 
elements ti will dctcrmine an element 6 E Q = bi Q/Qi , such that [a = b and 
we will have concluded the truth of(B). Since the assertion is evident ifQ is finite, 
we henceforth assume Q is infinite. Consider the (finite) set of elements [rl, EQ/Q~ 
such that [,,a, L-: b, . For each i, k consider the (finite) set Si, of elements 
tik EQ/Q~ such that tikai I-: bi and tir, projects to [I;li . Let S, = (Ji Si, , 
S = Uk S, . Then S is an infinite set, so some S, is infinite. Choose such a K 
and write tr for trl, . There are then infinitely many values of i such that there 
exists tik E Si, , from which it immediately follows that there exists &E Si, 
for ez~y i. We now begin again by considering the (finite) set of elements 
tak cQ,/Q, such that fzka2 = 6, and tak projects to fI EQ/Q~ . As before we find 
at least one such element tz E: Q/Q2 such that there exists, for each i > 2, 
tik E Q/Qi projecting to t2 and such that tikai _- bi . Proceeding in this way, we 
build up the required element [ E & and the proof is complete. 
Remarks. (i) The argument in the last paragraph is analogous to that used 
in proving Lemma 2 in [ll]. 
(ii) No delicacy is required in the choice of sequence (Qi} in the special 
case of Blackburn’s theorem, that is, whenQ = hi, acting on itself by conjugation. 
For then we simply take Qi = Xi. 
4. POSSIBLE GEKERALIZATIONS 
Since the appearance of Blackbum’s paper [2], there has been continued 
interest on the part of group theorists in enlarging the class of groups for which 
the conclusion of his theorem is valid. For example, we mention [12], where one 
may also find references to earlier contributions by other workers. Recall that a 
group G ispolycyclic if it admits a subnormal scrics G = G, D Gr D ... D G, = 
(11 with each GJG,,, cyclic, and that G is virtually polycyclic if it admits a 
subgroup of finite index which is polycyclic. The main result of [12] is then the 
following generalization of Blackburn’s theorem. 
THEOREM 4.1 (Formanek, Remeslennikov). If G is a virtuaally polycyclic 
group and x, y E G, then x and y lie in the same conjugacy cZass $ and only if the 
images of x and y in every finite quotient group of G lie in the same conjugacy class. 
By analogy with the group-theoretic situation, we may define, for a given 
group T, a polycyclic sr-module A4 by requiring that there be a finite descending 
chain M = ;M, 1 illI I? ... 2 M, = (0) of n-submodules such that each 
MilM<+l is cyclic (as an Abclian group). We may further define M to bc a 
virtuallypolycyclic rr-module by requiring VT to admit a subgroup r’ of finite index 
such that the induced &-module structure on M is polycyclic. These notions 
lead, in an evident way, to the notions of polycyclic space and virtually polycychc 
space. Thus, a connected CW-complex is (virtually) polycyclic if (if =,X is a 
(virtually) polycyclic group, (ii) each n,X, n 3 2, viewed as a rIX-moduie5 
is (visually) polycyclic. (The closely related notion of virtuall~~ ~i~~ote~t space 
has already been defined and investigated in [13j.) 
More generally we may describe the action of a group Q on a group N dzs 
_poEycyc&c if N admits a finite descending subnormal series of Q-subgroups 
N = NO 3_ N, 2 ... 3_ N, = (0) such that pI,/lV,, is cyclic; and the action of Q 
an IV is virtually polycyclic if there exists a subgroup Q’ of Q of finite index silch 
that the action restricted to Q is polycyclic. Then Theorem 4. If together with 
Theorem 3.4 and with Theorem 7.2 of [5], suggest the fol~ow~~~ questions. 
Questioa I. Let Q be a virtually polycyclic group with a virtually polycyclic 
action on the group N and let CE, b E N. If, for every normal Q-subgroup N, of N 
of finite index the images a, , b, of a, b in aide are in the same Q-orbit, does it 
follow that II, b are in the same Q-orbit ? 
Question 2. If X . IS a virtually poIycyclic space and Wis a ~omo~og~ca~ly finite 
CW-complex, is the map ( W, X) + ( W, X) of free homotopy sets, induced by 
the completion c: X + X, injective ? 
We remark that a virtually po~ycyclic space has “good” bornoto~y groups in 
the sense of [4; Theorem 3.1 et Sep.]. Indeed, Sullivan speaks of groups com- 
mensurable with solvable groups of finite type* and these are precisely the 
virtually polycyclic groups. It therefore appears reasonable to study Question 2 
above for this class of spaces X. 
The authors wish to acknowledge valuable conversations with Guide Mislin, Martin 
Huber, and Hans Schneebeli. 
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